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We introduced the last lecture with a brief discussion of the primitives
needed to analyze simple static equilibria. These primitives enable an anal-
ysis of how prices, quantities, and the distribution of profits and consumer
surplus, are determined conditional on the state variables of the problem (or
how they change in response to a changes in the environment). In this sec-
tion we will move to dynamic analysis; that is the analysis of how the state
variables that are subject to the firms’ control to evolve.

There are additional parameters that need to be estimated; the param-
eters determining the distribution of both entry and exit costs, and of the
impacts of investments. Though there are several standard ways of estimat-
ing how investment impacts on the firm’s state variables, it has proven much
more difficult to get a handle on relevant ranges of entry and exit fees.

Once we have all the parameters we can compute the Markov Perfect
Equilibrium policies. The second part of the talk discusses ways of doing
that. We begin by quickly reviewing a standard iterative algorithm due
to Pakes and McGuire (1994). That algorithm is subject to a “curse of
dimensionality” which is often telling, so we conclude with a description of
artificial intelligence algorithms which can often be used to circumvent this
problem.

Empirical Entry Models

Entry and exit are a key part of the dynamics of market adjustments. In
particular we usually think that it is the size and nature of entry costs that
allow one (or a group of) firms to maintain a dominant position in a profitable
market. Unfortunately most cost data are proprietary (and hence difficult for
researchers to access), and data on sunk costs as virtually nonexistent. The
decision of a firm on whether to exit is determined by whether its continuation
value is greater than its sell-off value, and the latter is often associated with
factors as hard to measure as “goodwill” or the value of the firm’s building
and equipment in its “second best” alternative employment. The potential
entrants’ sunk costs can be largely determined by the time and effort required
to formulate the idea to be marketed, or by an individual entrepreneur’s cost
in accessing startup capital and/or the requisite permissions from a local
administration. As a result we have to infer the extent of sunk costs from
other variables whose behavior depends on them.

The variable that seems most directly related to the costs of entry is



entry itself. However to make use of the connection between actual entry
and the costs of entry we need a framework which allows us to compute the
value of entering (similarly to make use of the relationship of sell-off values
and exit we need to be able to calculate the cost of continuing). Though
such frameworks have been available for some time (e.g., the Ericson and
Pakes, 1995, framework which we come back to presently), their implications
cannot be used directly in estimation without encountering substantial (in
many cases insurmountable) computational problems.

Largely as a result of these computational problems the early empirical
analysis of entry and exit used, as a modelling framework, special cases of
two-period entry games. The earliest two-period models assumed that the
continuation values of all potential entrants are identical (Bresnahan and
Reiss, 1987, 1990, and Berry, 1992). More recent work by Siem (2003) and
Mazzeo (2003) provides ways of extending the framework to allow for a finite
number of types which differed in their continuation value. Allowing for
different “types” is crucial for realistic analysis of most issues we want to use
entry models to analyze; e.g. the analysis of location and size decisions in
retail trade and their response to various policies.

The two-period game framework is, however, problematic. Most impor-
tantly it makes little sense unless sunk costs are absent (or at least are very
small relative to single period profits). This is an assumption which is hard
to believe, particularly since much of our interest in entry models stems from
a desire to investigate the origins and implications of sunk costs.

Note that dynamic economic model that we want to base our analysis on
is transparent; agents enter (continue) if the expected discounted value of
entering (continuing) is greater than the cost of entry (the sell-off value). It
is the computation of the expected discounted values that is complex. My
goal here is to show how semiparametric methods can be used to provide a
simple way of approximating those values that is grounded in what actually
happened. Most of this part of the talk is taken from Pakes, Ostrovsky,
and Berry (2003), a paper I will refer to simply as POB, and I thank my
coauthors for permission to use this material.

A Semiparametric Entry Model

I will focus on the simple case where there is only one entry location the
same number of potential entrants in each period, and no investment after
entry. All the essential points can be made with this simple case and you will



see that, at least in principle, the argument is easy to generalize to a finite
number of entry locations, a random number of potential entrants in every
period (see POB), and post entry investment.

Let n; be the number of agents active at the beginning of each period,
2 be a vector of exogenous profit shifters which evolve as a discrete state
Markov process, and assume that there is a one-period profit function that is
determined by these variables, say m(n, z;0), where 0 is a parameter vector
to be estimated. An incumbent chooses to exit if current profits plus the dis-
counted selloff value is greater than profits plus the discounted continuation
value. So if ¢ is the sell-off (or exit) value and 0 < ¢ < 1 is the discount rate,
the “Bellman” equation for the value of an incumbent is

V(n,z;¢,0) = max{n(n, z;0) + 00, 7(n, z;0) + VC(n,z;0)}, (1)

where V' C(-) is the continuation value. If the max is the first term inside the
curly brackets, the incumbent exits.

If e is the number of entrants, z is the number of exitors (both of which are
unknown at the time the incumbents decisions are made), and p(-) is notation
for a probability distribution, then VC(-) is just the expectation (over the
possible numbers of exitors, entrants, and values of the profit shifters) of the
next period’s realization of the value function (of future V'(-)), or

VC(n,z;0)= > V(nte—z,2,¢;0)p(¢'|0)p(e,z|n, z, x = 1)p(z'|z). (2)

¢I !z’ 7e!z

Note that to form this expectation we need to form the incumbent’s percep-
tions of the likely number of entrants and exitors conditional on the incumbent
itself continuing, perceptions that we write as the probability distribution

ple, x|z, n, x = 1)

where x = 1 is notation for the incumbent continuing. We need these per-
ceptions because the incumbent cannot estimate his returns to continuing
without an idea of how many other firms will be active. It is the require-
ment that these perceptions be consistent with behavior that will generate
our equilibrium conditions.

Analogously we assume that the entrant must commit to entering one
period before it earns any profit, so the value of entry is

VE(n,z;0)= > V(n+e—u,2',¢)p(¢'0)p(z,e|n, z,x° = 1)p(z'|z), (3)
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where
p(z,eln, z,x* =1)
provides the potential entrant’s perceptions of the likely number of entrants

and exitors conditional on it entering, or conditional on x¢ = 1.
The potential entrant enters if

SVE(n,z0) >k

where « is its sunk cost of entry.

Assumptions and Their Implications

In addition to technical “regularity” conditions, it is assumed that entry and
exit decisions are made simultaneously at the beginning of the period. The
following assumptions are also made.

1. There are a fixed number of potential entrants in each period (denoted
by £), and the distribution over

e the sunk costs of entry, say F*(r|3), which has a lower bound of
k > 0, and

e the returns to exiting, say F'¢(-|3), which are assumed nonnega-
tive,

are i.i.d. over time and across markets. Incumbents and entrants know
these distribution and their own realizations, but do not know the
realizations of their competitors (so there is asymmetric information,
as in Siem, 2001).

2. Entrant’s and incumbent’s perceptions of the probabilities of exit and
entry by their competitors in period ¢ depend only on (ng z;) (the
publicly available information at that time).

These assumptions are truly restrictive. They imply, for example, that
there are no serially correlated state variables that are observed to the agents
and not to the econometrician. However they (or simple generalizations of
them that allow for multiple locations) are less restrictive than the assump-
tions used in any of the two-period models that have been taken to data to
date. Moreover, as we will show below, these assumptions lead to an estima-
tor of continuation and entry values that has a transparent relationship to



objects in the data, and therefore has both a great deal of intuitive appeal
and is easy to work with.

This model is a special case of the model in Ericson and Pakes (1995) and
so has an equilibrium, but there may be more than one of them (for more
detail see Doraszelski and Satterwaite, 2003). Each equilibrium generates a
finite state Markov chain in (n, z) couples: i.e. the distribution of possible
(n,2)’s in the next period depends only on the current (n,z) (and not on
either prior history, or time itself). Indeed one can go a bit further and
note that every possible sequence of {(ny, z;)} will eventually wander into a
recurrent subset of the possible (n, z) couples, say R, and once (ny, 2z;) is in
the set R it will stay in it forever (Freedman, 1983). Thus, for example, there
will be an 7 such that, provided the current n is lower than it, we will never
observe an n > n. The market is simply not profitable enough to induce
entry if there are m incumbents, so states with n > m are not in R. However
all states in R “communicate” with each other, and will eventually be visited
many times.

I want to emphasize, however, that though our assumptions do not guar-
antee a unique equilibrium, they do insure that there is only one equilibrium
that is consistent with a given data generating process. As a result we will be
able to use the data itself to “pick out” the equilibrium that is played, and
at least for large enough samples, we will pick out the correct one. This is all
we require to develop consistent estimators for the parameters of the model.

To see that the data can be used to pick out the equilibrium, note that
(i) the agents only condition their perceptions of the behavior of their com-
petitors on the publicly available information (on (n,z)) and (ii) precisely
the same information is available to the econometrician. Moreover in equi-
librium the realized distribution of entrants and exitors from each state must
be consistent with these perceived distributions.

Now recall that the data will eventually wander into the recurrent subset
of points, and once in that subset will visit each point in it repeatedly. As
the sample gets large we obtain an empirical distribution of entrants and
exitors from each (n, z), and by the law of large numbers that distribution
will converge to the distribution which generated it (almost surely). As noted
this must be the distribution the agents use to form their perceptions, so we
have just identified the perceived distributions needed for agents to make
their decisions.

Given those perceived distributions equations (1) and (2) generate a
unique best response for each incumbent and potential entrant. This is just



the familiar statement that reaction functions are generically unique, and
can be proven using Blackwell’s theorem for single agent dynamic programs.
Since there is only one policy that is consistent with both the data and our
equilibrium assumptions at each (n,z) € R, and once we are in the set R
we stay there forever, there is a unique equilibrium for any subgame starting
from any (n,z) couple in R (a set which can be identified from the data).!
We now provide semiparametric estimators for the continuation and entry
values generated by that equilibrium.

Equilibrium Perceptions and Continuation Values

In equilibrium the perceptions of potential entrants and incumbents of the
likelihood of entry and exit by their competitors must be consistent with the
distribution of entry and exit actually generated by incumbent and poten-
tial entrant behavior. This observation leads directly to two semiparametric
estimates of continuation values at each (n, z) observed at least once.

The first estimate simply averages the realized continuation values of all
firms who did continue when (n 2;) = (n,z). Since agents perceptions of
probabilities of reaching different states must be consistent with the actual
probabilities of reaching the different states, the sample average of discounted
future values will converge to expected continuation value we are after. This
estimator is particularly simple, and I will provide detail on it below.

The second estimator, though also intuitive, is computationally more
complex, so the reader who wants more detail should see POB and the litera-
ture referred to there. Briefly, if we knew p(e, z|n, z, x = 1) we could compute
the fixed point which defines the continuation value in equations (1) and (2)
for any value of . What the second procedure does is substitute the empiri-
cal distributions of entrants and exitors from each state for p(e, z|n, z, x = 1)
and compute the fixed point implied by these empirical distributions. Equa-
tions (1) and (2) define a contraction mapping, so solving the associated fixed
point problem is not too difficult, but it must be solved every time we need

IThere is a detail missing here. Though points in R can only communicate with other
points in R if optimal policies are followed, there are some points, “boundary points” in
the terminology of Pakes and McGuire (2001), that could communicate with points outside
of R if feasible but nonoptimal policies were followed. To analyze equilibria for subgames
in R fully, boundary points need to be treated separately (see Pakes and McGuire, 2001).
In our case the only decisions that involve boundary points are the decisions of entrants
at the maximum 7 observed for any given z; thus we can easily isolate them.



to evaluate # in the estimation algorithm. In the terminology of Rust (1994)
this is a “nested fixed point” estimation algorithm.?

The next subsection provides a brief description of how to obtain the
estimates based on sample averages. The reader who is not interested in
these details should be able to skip directly to the remark at the end of this
subsection, and continue from there.

Using Sample Averages to Form Continuation Values

To form this estimate we need estimates of (i) the distribution of future states
given the current state and (ii) the realized value at those future states.

We begin with the realized values at the future states. An incumbent at
t who continues to ¢t + 1 receives that period’s profits plus a choice between
the continuation value at ¢ + 1 and a draw from the distribution of sell-off
values. The incumbent chooses the sell-off value if and only if it is greater
than the continuation value.

Let functions indexed by ¢ refer to the function evaluated at (ny, 2;), and
let the probability of exit be given by

gin = Pri{o > VCin(0)}- (4)

Then given how the incumbent chooses, the continuation value of firms who
did continue from period ¢ conditional on the (publicly available) information
available in period t + 1, say VCRy(0), is given by

VCR(8) = m:1(0) + 6(1 — 67,1)V Con1 (9) + 097, E[0]¢ > VCraa (8)] (5)

where E[p|¢p > VCyy1(0)] is the expected sell-off value conditional on exiting.

2 Aguirreberia and Mira (2003), in independent work, provide a closely related estima-
tor. Instead of using the empirical transition probabilities for (n, z) couples, they use the
empirical exit (and for entrants, entry) probabilities to generate these transitions. That
is, since all incumbents are identical, a consistent estimate of the probability that z of n
incumbents exit is given by the binomial formula with an exit probability estimated by the
fraction of incumbents that exit. A similar procedure can be used to generate entry proba-
bilities. Aguirreberia and Mira (2003) construct a consistent estimate of p(e, z|n, z, x = 1)
from these binomial probabilities. They assume that the random entry and exit fees are
i.i.d. draws from an extreme value distribution. This is not necessary but eases the com-
putational burden of their nested fixed point estimator significantly. POB compare these
and other alternative estimators.



The last term has to be made more explicit. The easiest case is when sell-
off values are exponentially distributed with parameter o, because a trun-
cated exponential is just another exponential with its origin shifted to the
truncation point.? In this case, then

E[¢lé > VCinr(8)] = 0 + Vi (9). (6)

Now make two substitutions in the equation for VCR,(6): (i) substitute this
expression for E[¢|¢ > Vi 1(0)] and (ii) substitute an estimate of the exit
probability obtained by averaging over the fraction who exit at the different
periods in the data when (n,z) = (n4,2), say §F, for the unobserved g¢7.
Rearranging terms we obtain

VOR(0) = m31(0) + 0V Ciy1(0) + 6052, (7)

Note that the expectation of Vfé/Rt(G) is equal to the expected continu-
ation value of all those firms who continue. That is not quite VCy(6), since
in forming the expectation which determines whether it should continue the
incumbent conditions on itself continuing (while in the realizations measured
by VCR.(0) only a fraction continue). As shown in POB the ratio of the
probabilities observed in the data, to the probabilities that the incumbent
uses is consistently estimated by w; = [1 — gF]/[1 — (x¢/n:)], where §¥ is, as
before, the fraction of incumbents who exit when (n, z) = (ny, 2).

So if we let

VCR,,, = w,VCOR,(0)

then
E[VCR,(0)] = VCy(0)

the unknown continuation value as defined in equation (1).

The sample average of the observations on VCR;(f) computed as an
average over those periods where (ny, z;) was a particular value of (n, z), say
(n*, z*), converges to the population expectation of the continuation value
for (n*,z*), that is to the VC(n*, z*;0) we are after. More precisely if we

3Virtually any other distributional assumption could be used here, but most others
(with the exception of the uniform) would result in a somewhat more computational
complex estimation algorithm. On the other hand the shape restrictions of the exponential
seems reasonable for sell-off values.



let T'(n, z) be the set of periods when there was n firms active and the state
variable had value z, and #7(n, z) be the number of such periods, and define

VC(n,z) = > w,VCR,(9), (8)

#T(TL, Z) teT(n,z)
then if —p is read as converges in probability, we have
VC(n,z) —p VC(n,2)

provided #7T(n, z) — oo.

Finally we need to connect the estimates of the continuation values from
the different (n,z) to each other. Here I will need matrix notation. Ar-
range the V' C(n, z;0) of the (n,z) combinations observed in the data into
the vector VC(#), let the matrix of empirical transition probabilities from
one observed (n,z) combination to another (weighted as above) be M, and
gather the average fraction of firms exiting from each state into the vector
g”. Then, if we substitute our expression for VCR(#) from equation (7) into
the expression for VC(n, z) in equation (8) and rearrange we have

VC(0) = M [x(0) + 605" + 6M VC(0).

This gives us our estimates of continuation values in terms of objects that
we know (at least up to the parameters to be estimated), and the continuation
values itself. We now iteratively substitute our estimate of continuation
values for the continuation values that appear in this expression. Doing this
once we obtain

VC(0) = M [n(0) + 605°] + 6M [x(0) + 605°] + 6 M>VC(6),

and if we continue this process of substitution we get

‘75(0) — iéT‘FlM’T [7?'(9) +60_§z]

7=0

= [I- 5M]71M[7T(0) + dog®],

as a consistent estimator for the unknown continuation values.

Note that V' C(0) is just the discounted value of the returns of the incum-
bents who did continue (adjusted to account for the fact that the incumbent
conditions on itself continuing). This is the sense in which our estimator of
continuation values is transparent and likely to have empirical content. We
expect the actual average of realized continuation values to be close to the
true expected continuation value.

10



Remark on Ease of Computation

Note how easy it is to compute our estimates of continuation values, or
VC(#). If 6 is known (and we usually think that the prior information we
have on ¢ is likely to swamp the information on ¢ available from estimating
an entry model), then -

VC(0) = An(0) + oa

for a data matrix A = [I —§M] ' M and a data vector @ = 6[I —6M] '§*. So
if profits were linear functions of f, the first stage estimates of continuation
values are also.

POB shows (and it is easy to verify) that consistent estimates of entry
values, say V E(#), can be obtained as

VE(0) = Br(9) + ob,

where . . o 5 . .

B=M*+0M°A, b=0oMa+IMgG",
and M¢ is the Markov transition matrix formed after weighting the observed
transitions with wf = (e;/€)/gs, where gf is an estimate of the entry prob-

ability obtained by averaging over the fraction who enter at the different
periods in the data when (n, z) = (n, 2).

Estimation Methods

We estimate models by finding the value of the model’s parameter vector that
makes the predictions of the model as close as possible to the observed data.
In our case the model predicts that, conditional on (n,z), the number of
entrants and exitors are independent draws from two binomial distributions.
Moreover a consistent estimate of the model’s binomial probability of exit in
a given period is

1 — F*(Am(0) + 0dy|0)

and of the binomial entry probability is
FH(B{]T(G) + 0'673|0)

where the ¢ subscript on (A, a, B, b) picks out the row of each at which (n, z) =
(ng, 2¢).

11



POB considers different estimators for the models parameters obtained
by using different measures of the distance between the theoretical predic-
tions for the entry and exit probabilities conditional on #, and the empirical
observations. All of them will be consistent and have limiting normal dis-
tributions. They will, however, differ in both their variance, and in their
computational complexity. Moreover though the computational issues might
now be not nearly as crucial, the variance issue is likely to be of some im-
portance. This because the first step estimates entry and exit values at each
possible state, and the variances of those estimates effect the variances of the
estimates of the parameters of interest®.

For now all I want to do is note the following:

e There are good reasons to think that pseudo maximum likelihood es-
timator, the estimator obtained by substituting the estimates of the
probabilities given above into the likelihood function and maximizing
with respect to the parameter vector, will not do well in this context,
so one should probably focus on alternative estimators that fit the ex-
pected number of entrants and exitors at each state.

e Second though our estimator is a “two-step” estimator with second
step “regressors” that are estimated, there is a simple “parametric boot-
strap” procedure which provides consistent estimators for the variances
of the parameter estimates.® .

4Thus in the two location model that we used for Monte Carlo analysis, there were 404
observed states implying that our preliminary estimators estimated 4 x 404 ~ 1600 non
parametric exit and entry values.

5The parametric bootstrap is obtained as follows. Let the estimate of the parameter
vector be 8, and compute V'C () and VE(8), the estimates of the continuation and entry
values obtained by substituting the 6 into the equations for those values. Starting from
the observed (n;—g, zi—o), randomly draw sell-off values from F'¢(#) and entry values from
F5(8) for each of the incumbents and potential entrants. Assume each incumbent exits if
its sell-off value is greater than the component VC (é) that is associated with (n¢=g, 2t=0)-
Similarly the potential entrants enter if their randomly drawn entry cost was less than
VAE(G). Keep this predicted number of entrants and exitors in memory, and construct 7;—1
as the initial number of incumbents minus the exitors plus the entrants. Next randomly
draw a z:=1 from (a consistent estimate of) the Markov process generating z. This gives
us (n¢=1,2t=1), and we can determine exit and entry from this point in the same way
as we did above. Continue in this way until we have a simulated sample with exactly
the same number of periods (or of markets and periods) as in the original sample. Once
we have this “pseudo random” sample, substitute it into the estimation algorithm and

12



I conclude this section by stressing two characteristics of our estimators.
The first is their simplicity. l.e. to obtain them we need only minimize
analytic functions of the parameters. Indeed the only aspect of the algorithm
that is at all computationally burdensome are the one time costs of organizing
the data into the Markov chain M, and then computing the matrix inverse
needed for

VC() = [I — 6M] *M[r(0) + dog*].

This makes the computational burden of these estimators as easy (or easier)
than the estimators for any of the earlier two-period entry models. Moreover
the model is easily generalized to allow entry into multiple locations (the
number of entrants to the different locations are then draws from a multi-
nominal rather than that of a binomial distribution), and to models with a
random number of entrants (the number of entrants into the different loca-
tions are then a draw from a mixture of multinominals, so the estimating
equation is still an analytic function of the parameters of the problem). Our
Monte Carlo work clearly bears this out; we obtain estimates of two location
models on panels of five years of observations on five hundred markets in
under two minutes on my desk top.

Second, the actual estimates of the entry and exit values are grounded
in reality in the sense that they equal the average of the true discounted
value of continuing and entering from the different states. As a result the
entry and exit cost distributions we estimate are those that rationalize the
behavior of the incumbents and potential entrants in the face of what, on
average, actually happened. Unless the incumbents and potential entrants
were basing decisions on information that was systematically biased, the
results from this procedure should both make “sense” and be robust to small
perturbations of the model.

Computing Markov Perfect Equilibrium.

This section assumes that we have estimates of all the parameters of the
problem and considers computing the dynamic equilibria that those estimates
imply.

generate a new estimate of §. Do this for a number of simulated samples, and calculate
the variance-covariance of the estimates of 6 obtained from the alternative pseudo random
samples. This is a consistent estimate of the variance covariance matrix of 6.

13



We go back to the first lecture’s examples where firms can differ in the
products they are marketing and/or their costs of production. Recall that
their price (or quantity) decisions are made to maximize current profits and
the static analysis can output profits as a function of the firm’s own charac-
teristics, the characteristics of its competitors, and common state variables.
For simplicity we work with unidimensional “types”, and think of 7 as index-
ing either the quality of the product the firm produces, or the efficiency of
its production technology. We compute equilibria to get an idea of sensible
investment, entry, and exit strategies.

More formally, we let

e i€ ZT.
e s; be the number of firms with efficiency level 4,

e s = [s;; i € Z1] be the “industry structure” (the number of firms at
each different efficiency level),

so the function 7 (i, s) provides the firm’s profits when its state is ¢ and the
industry structure is s.

Bellman Equation for Incumbent Behavior.

The Bellman equation for the incumbent is similar to that in the entry model
except that now we allow for investment, so

V(i,s) = max{®, 7 (i, s)+
sup [—cz + B8 Y V(i',spr(i, s'|z,1,5)]}.

(z>0)

The only term which is not a primitive in this expression, and hence
which needs to be calculated before we can determine V (i, s), is the term
representing the firm’s perceptions about the likelihood of the alternative
states that the firm is likely to face in future periods, or pr(i', s'|z, 1, s).

We assume that its own future states depends only on its own current
state and its investments, and that decisions on investment are made simul-
taneously so that

pr(i, sz, 1, 8) = pr(|i, z)pr(s’ — ()i, s)

14



where e(i) is a vector which puts one in the i slot and zero elsewhere, so
s'—e(i') = §; is the vector consisting of the location of all of the competitor’s
of a firm at 1.

Here pr(i'|i,z) is a primitive reflecting how a firm’s investment is likely
to effect its state. On the other hand if we stick with standard subgame
perfect notions of equilibrium, pr(s’ — e(i')|i, s), the firm’s perceptions on
the possible locations of its future competitors, has to be consistent with the
behavior of those competitors. It is therefore an equilibrium construct.

Starting with the specification of investment we assume that
Upp1 — b = Teq1

where
=1 — G

v is a firm’s investment outcome, and ¢ is a common industry shock repre-
senting either the state of demand or factor costs, depending on the model.
It is the presence of ( that causes positive correlation in the profits of the
firms in a given industry.
We assume that the distribution of v depends on the amount invested
through the family
P={p.(|z),z € R"},

which is stochastically increasing in z, and has the property that Pr{v >
0|z =0} =0, so agents can not improve their state without investing. ¢ has
density u(C).

Recall that §; = s — e; provide the states of the competitors of a firm at
state ¢ for a particular s. A firm can not make rational investment decision
without some perception of the likelihood of different numbers of competitors
in the future. Let g[$;'|i, s, (] provide the firm’s perceived probability of its
competitors future states conditional on a particular value of . Then given
the above

pr(i' =%, 8 = s¥|z,i,8) =
Sep(v =i —i = la)gls" = 5" = e(i)]i, s, (Ju(C).
where e(i) has a one in the i slot and zero elsewhere.

Given any ¢(-|-) standard single agent dynamic programming results al-
low us to solve for the policies of each agent. Of course the ¢(-|-) actually

chosen must “make sense”; and this is the equilibrium condition we come to
presently.

15



Note also that g¢[-|7, s, (] embodies the incumbent’s beliefs about entry
and exit. We take the simplest entry model possible. A potential entrant
pays an amount z. (> 5¢) to enter, and if it does enter, it enters one period
later at state 1 € Q¢ C Z7T with probability p¢(-). The potential entrant only
enters if the expected discounted value of future net cash flows from entering
is greater than the cost of entry. The cost of entry can be specified as either
T, or as a random variable which distributes uniformly on [z, T .]°.

Dynamic Equilibrium:Characterization Results.

Informally, an equilibrium for this model consists of

e a set of policies that maximizes each agent’s value given its perceptions
on the evolution of the likely states of its competitors, and

e a set of perceptions on competitor outcomes that are consistent with
these policies.

Ericson and Pakes (1995) provide a formal characterization of the equilib-
rium, prove existency, and note that any equilibrium has the following char-
acteristics

W
1

1. It is “computable”. I.e. we will only ever observe values of on the
finite set Q = {1,..., K}, and there will never be more than 7 firms
active. Note that this implies that we need only compute equilibria for
(1,8) € Q x S, where

S={s=[s1,., 5] 1 D_8; <M< o0}
so that the number of elements in S or #S < KV

2. It is Markov. Equilibrium policies generate a homogeneous Markov
chain for industry structures [for {s;}], i.e.

Prlsip1 = 8'|st, ..., 1] = Prisi1 = 8'|se] = Q[s'|s4].

with the Markov transition “kernel” Q(-,-) on S x S.

5When random entry costs are used only the potential entrant knows the realization of
the entry costs, the other incumbents know only that entry costs will be a random draw
from this uniform distribution.
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3. Any equilibrium Q[-|-] is ergodic.

The lower bound to ¢ comes from the fact that at any $; there is an 7 low
enough to induce exit, and there is only a finite number of §;. The upper
bound to ¢ comes from the assumption that the profits are bounded, which
implies the value is bounded, which in turn implies that at some point it no
longer pays to invest (the benefit of investment is it gives the firm a higher
probability of increasing its ¢ which, for high enough i is not worth much).
The bound on n comes from regularity conditions on the profit function.

The ergodicity just says that s; will eventually wander into a subset of
states, the recurrent class or R and once in R will stay within it forever.
These are just the states that the incentives generated by your parameter
values can support in any lasting way (thus if the market is large enough we
will never get too low a value for n, since even if a sequence of bad draws
went to all of the incumbents, before we got to a very low n there would
be entry). It is frequently the case that R is much smaller than S, indeed
it tends to grow linearly, instead of exponentially, in the number of state
variables, a fact which we will use intensively below.

Computation of Policies.

Here I want to briefly outline two computational algorithms, one the “dy-
namic programming” like iterative algorithm provided in Pakes and McGuire
(1994) and the other an artificial intelligence algorithm in Pakes and McGuire
(2001).

To understand how these algorithm’s work it is useful to rewrite the
Bellman equation as

V(i,s) = max {[1 — x]o+ 9)

x€{0,1}

x{m (i, s) — igg[—cw + B8 w(v;i, s)p(v|z1)]},

where
w(v; i,8) =

S V(i+v=¢3+eli+v = Qw3 s, Ju(), (la)
(3;:¢)
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and
Q[gz = Sﬂi, S,C] =
Pr{s, = §i,s,(, equilibrium policies } (1b).

Here w(v;i,s) is the expected discounted value of future net cash flow
conditional on the current year’s investment resulting in a particular value
of v, and the current state being (i,s) (it integrates out over the possible
outcomes of both the investment strategies of competitors (the §;), and over
the outside alternative (the ()).

Note that {w(v;i,s)} is all the firm needs to know in order to make
optimal decisions. Moreover were it to learn what the {w(v;i,s)} are the
firm could solve its problem by behaving like it is facing a single agent,
static, maximizing, problem.

Of course to be in a Markov Perfect Equilibrium, the {w(v;4, s)} would
have to satisfy our equilibrium conditions. On the other hand if one wanted
to impose rules directly on how the firm learns about {w(v;1i, s)}, one could
also determine the play, and the nature of industry evolution, that is likely
to emanate from those learning rules.

Fixed Point Computation of {w(v;1,s)}.

Pakes and McGuire’s (1994) procedure for calculating the equilibrium is a
standard iterative procedure.

e In memory we have estimates of the value function and policies asso-
ciated with each (i,s) € 2 x S.

e The updating Synchronous; i.e. it circles through the points in S in
some fixed order and updates all estimates associated with every s € S
at each iteration.

e Convergence occurs when the values and policies from successive it-
erations are the same. Converged policies and values satisfy all the
properties of equilibrium values and policies.

The updating rules are straightforward. At iteration £ the algorithm
updates each agents policies at each s as follows:
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e calculate w*(-]i, s) from the information in memory (as in 1a);

e substitute w*~1(-) for w(-) in (1) and then solve the resultant single
agent optimization problem for the k™ iteration’s entry, exit and in-
vestment polices at (7, s), and put these policies in memory;

e substitutes the new policies and the w* ! for the w,z and the max
operator in (1), and label the result V*(-);

e calculates V¥(-) — V*~1(.) and then substitutes V*(-) and the policies
from iteration k, for the iteration £ — 1 values that were in memory.

This type of algorithm, together with extensions to it, have been used
extensively both in applied theory and for empirical work (for a dated re-
view see Pakes, 2000). The extensions, which were largely done by others,
were generally begun as modifications to the model to fit the details of the
industry or the analytic question of interest, but often resulted in conceptual
contributions. Still the computational burden of the algorithm can be lim-
iting, a fact which is not only a practical limitation to using the algorithm,
but is also at least somewhat problematic, as it assumes the agents can find
answers that we are having trouble computing.

The Computational Burden of “Pointwise” Fixed Point Algorithms.
The computational burden is (essentially) the product of three factors,

e the number of points evaluated at each iteration;

e the time per point evaluated;

e the number of iterations.

Since each of the m active firms can only be at K distinct states, the
number of points we need to evaluate at each iteration, or

#S < K™

Exchangeability, of the value and the policy functions in the state variables
of a firm’s competitors implies that we do not need to differentiate between
two vectors of competitors that are permutations of one another. As a result
Pakes (1993) has shown an upper bound for #5S is given by the combinatoric

(%(+ﬁ—1) << Kﬁ’
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but for @ large enough this bound is tight.

The time per point is determined primarily by the cost of calculating
the expected value of future states conditional on outcomes (of obtaining
the w’(-;4,s) from the information in memory) (the cost of obtaining the
optimal polices and the new value function given w’(-;4, s) is small and does
not increase in the number of state variables).

Little is known about the relationship between the number of iterations
and the number of state variables of the problem; but it doesn’t seem to
grow large. However, both the number of states, and the cost of calculating
expected future values, grow at least geometrically in the number of firms,
and exponentially in the states per firm. These two aspects of the problem
are jointly known as the “curse of dimensionality”, and clearly limit the
applicability of the algorithm (especially for empirical work).

Stochastic Algorithms (“Learning Theory”).

The PM (2001) algorithm circumvents the two aspects of the curse of di-
mensionality for a subclass of the models of interest. It is able to do this
because:

1. It never attempts to calculate the needed policies on the entire state
space, just on the recurrent class, or R, whose size bears no necessary
relationship to the number of state variables.

2. The integral over possible future values needed to determine outcomes
is never calculated; rather it is estimated by an average of past out-
comes. This generates a tradeoff between the computational burden
per point, and the number of iterations needed for a given level of
precision. Since the precision of the Monte Carlo estimate does not
(necessarily) depend on the dimension of the integral being estimated,
while the cost of doing the summation explicitly does, the larger is n
the more we expect the tradeoff to favor the Monte Carlo procedure.

The algorithm is asynchronous (it only calculates policies for a single loca-
tion at each iteration). Averages of past outcomes are used to form estimates
of the expected discounted value of the future net cash flows that would re-
sult from the different possible actions of each of the agents active at that
location. The policy with the highest estimated expected discounted value is
chosen as the agent’s policy for this iteration (hence policies are determined
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by a simple, single agent, maximization problem). Jointly, the policies the
active agents chose determine the distribution of the next iteration’s state. A
random draw from that distribution is then used to update both the location
of the algorithm, and the estimate of the integral determining the expected
discounted value of future net cash flows from that location.

Note on Learning. Use of the Monte Carlo draw to both determine the
evolution of the state, and to estimate the returns to alternative actions,
mimics what would happen were agents actually implementing policies based
on our procedure and then using the actual market outcomes to update their
estimate of the implications of their actions.

Detalils.

Go back to the Bellman equation written as

V(i,s) = max{¢, n(i,s)—
sup[—cz + f > w(vsi, s)p(v]z)]}-

where
w(v;i,s) =

> Vii+v =G5 +eli+v—O)lsli s p(C)
(53:0)

Recall that because the values of w determine the values of possible in-
vestment outcomes, they determine . Further z and w(-) determine whether
a firm should exit. So if either the agent, or the computer, knew the value
of the w(-) associated with a location, it could make optimal policy choices
without either

e specifying a ¢[-|-] (i.e. forming a perceived distribution of its competi-
tors future states),

e explicitly calculating the summation in the Bellman equation (which
was one of the sources of the curse of dimensionality).

As a result the search for equilibrium policies can be recast as a search for
the w(-) that satisfy the fixed point implicit in the definition of the value
function in terms of w(-), say V' (-, |w), and the definition of w(-) in terms of
the value function.

Note also that
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e Any set of w(-;-,-) can be used to determine a set of policies,
e these policies will define a “de facto” ¢“[-|-]

e if these policies were followed, either “nature” or a computer could
choose the market outcome (using the implied probabilities)

e this outcome can be viewed as a random realization from the integral
defining components of w,

e as a result the agents might use that outcome to update their estimates
of w.

This is precisely how the iterations of the artificial intelligence algorithms
work. Each iteration is defined by its estimate of w, say w?, and its location,
an s/. To iterate we must update both of these.

The location is updated by assuming that each firm believes that the cur-
rent w’ provides the true conditional continuation values. Then the optimal
policies are given by

1 _
Xr&gﬁ}{[ x]o

+ xsupg[r(i, ') — cx + B Y w!(v;i, s )p(v|z1)]}

The solutions to this problem determine a distribution of transitions for
s. sl is determined by taking a random draw from that distribution. L.e.
first determine who remains active, then choose the next location for each
firm that remains active, then reorder the data into a new s vector.

We now need to update the {w}. We only update the w of location s.
Hence if s wanders into R and stays there, we eventually only update on R.
For an agent at location (7,s’), compute

V(ii+v—F e feli+v— ),

for all possible values of v (this is computed as the solution to the single
agent problem from the w’ in memory). This the j% period evaluation of
being in location (i + v — (/') when all the other competitors states are
determined by their simulated draws. To update, we treat this value as a
random realization from the integral determining w’(-). More precisely
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wj+1(y1; 7;: Sj) - wj(l/l; ia Sj) = CM(j, Sj) X
V@i+v - +e(i+v— ) w)
—wl(v;i, 7).

Note that if w/ = w*, then the expectation of
V(i+v— ¢ 8 +e(i +v— )

is w3(+). So if w! = w* then the expectation of w/*!(-) is w(-), and there is
a tendency to stay at w* (a fixed point).

Also if a4, s7) equals the inverse of the number of times the point being
updated has been visited (say 1/h?(i, s)), then

w (134, 5) =

W (i)™ Y V(i4+v— ¢ e+ v — (T w?),
{}

where it is understood that the summation is over all draws from the point
(i,8). Le. w’ is just an average of past random draws on the conditional
continuation values at that point’.

There is no guarantee that this algorithm will converge to an MPE, but
PM (2001) provide a test of whether it has converged. The test essentially
computes the fixed point on the recurrent class, and is therefore inefficient
(it requires us to compute the integral determining w). Hence work is now
being done on constructing more efficient tests. Nonetheless it is instructive
to look at the results from the computations which use the “inefficient test”.

The relevant comparisons are in terms of memory requirements and CPU
time. The ratio of memory requirements in the two algorithms is effectively
#R/#S. #R/#S ~ 3.3% when m = 6, about .4% when m = 10 (then
#S ~ 3.2 x 107), and would decline further for larger 7.

"In general there are “better” ways of choosing the a(j, s?) than this (since the earlier
outcomes should be less precise estimates of the numbers we are after, the better ways
usually downweight them). On the other hand all proposed weighting schemes should sat-
isfy Robbins and Monroe’s (1956) convergence conditions (the sum of the weights increase
without bound as the number of hits increase, but the sum of the squared weights remains
bounded).
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Table 1: Comparisons for Increasing Market Size®.

M= 5 6 7 8 9 10
Percentage of equilibria with n firms active
n=

3 58.3 00.8 00.0 00.0 00.0 00.0
4 33.7 775 489 044 00.7 00.1
5 06.3 16.8 414 62.3 33.0 07.2
6 01.5 042 073 250 44.3 41.8
7 00.2 00.6 02.2 06.5 15.3 34.3
8 00.0 00.1 00.2 017 05.9 13.1
9 00.0 00.0 00.0 00.0 00.8 03.5
10 00.0 00.0 00.0 00.0 00.0 00.0
Average n

343 4.26 464 5.39 5.95 6.64
Minutes per Million Iterations

55 6.5 7.5 8.6 10 11
Minutes per Test

3.6 815 17.1 428 100 120
Number of Iterations (millions)

7T+5 T+2 7421 7+4 7+9 7+3
Number of Points (thousands)

21.3 305 442 68.1 98.0 117.5

2All runs were on a Sun SPARCStation 2.

The CPU time of the stochastic algorithm is determined by the time per
iteration, the number of iterations, and the test time. The time per iteration
is essentially a function of the number of firms active so that the ratio of
the average number of active firms to the time per million iterations only
varied between 1.53 and 1.65 minutes. The number of iterations until our
test criteria was satisfied varied quite a bit between runs; but did not tend
to increase in M. Thus absent test times, the average CPU time needed for
our algorithm seems to grow linearly in the average number of firms active.

As noted the test times do grow exponentially in the number of firms and
in our runs they rose from about 3 minutes when M =5 to over two hours
when M = 10. By M = 10 the algorithm spends ten times as much time
computing the test statistic after each million iterations as it spends on the
iterations themselves.

Comparing to CPU times from the backward solution algorithms we find
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that when m = 6 the stochastic algorithm took about half the CPU time
(about a third if one ignores test time). When 7 = 10 even the most opti-
mistic projection for the backward techniques leads to a ratio of CPU times
of .4% ( .09% without test times). If @ grew much beyond that, or if there
were more than one state variable per firm, the backward solution algorithm
simply could not be used (even on the most powerful of modern computing
equipment). In contrast, we have analyzed several such problems on our
workstation.
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